Parameter rigid actions of simply connected 
nilpotent Lie groups 

Hirokazu Maruhashi * 
Department of Mathematics, Kyoto University 

Abstract 

We show that for a locally free C°°-action of a connected and simply 
connected nilpotent Lie group on a compact manifold, if every real valued 
cocycle is cohomologous to a constant cocycle, then the action is param- 
eter rigid. The converse is true if the action has a dense orbit. Using 
this, we construct parameter rigid actions of simply connected nilpotent 
Lie groups whose Lie algebras admit rational structures with graduations. 
This generalizes the results of dos Santos 8 concerning the Heisenberg 
groups. 

1 Introduction 

Let G be a connected Lie group with Lie algebra g and M a C°°-manifold 
without boundary. Let p : M x G ^ M he a. C°° right action. We call p locally 
free if every isotropy subgroup of p is discrete in G. Assume that p is locally free. 
Then we have the orbit foliation T of p whose tangent bundle is naturally 
isomorphic to a trivial bundle A/ x g. 

The action p is parameter rigid if any action p' of G on M with the same orbit 
foliation F is G°°-conjugate to p, more precisely, there exist an automorphism 
$ of G and a G°°-diffcomorphism F of M which preserves each leaf of and 
homotopic to identity through G°°-maps preserving each leaf of J- such that 

F{p{x,g))^p'{F{x),^{g)) 

for all X ^ M and g ^ G. 

Parameter rigidity of actions has been studied by several authors, for in- 
stance, Katok and Spatzier [3], Matsumoto and Mitsumatsu [51, Mieczkowski 
[S], dos Santos [5] and Ramirez Most of known examples of parameter 
rigid actions are those of abelian groups and nonabelian actions have not been 
considered so much. 
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Parameter rigidity is closely related to cocycles over actions. Now suppose 
G is contractible and M is compact. Let H he a, Lie group. A C°°-map c : 
M X G ^ H is called a H -valued cocycle over p if c satisfies 

c{x,gg') = c{x,g)c{p{x,g),g') 

for all a; G M and g, g' S G. 

A cocycle c is constant if c{x^g) is independent of x. A constant cocycle is 
just a homomorphism G ^ H . 

7?-valued cocycles c, c' are cohomologous if there exists a C°°-map P : M ^ 
H such that 

c(x,g) -P(x)"ic'(x,g)P(p(x,5)) 

for all a:: e M and g eG. 

The action p is H-valued cocycle rigid if every i/-valued cocycle over p is 
cohomologous to a constant cocycle. 

Proposition 1 ([!]). If p is G-valued cocycle rigid, then it is parameter rigid. 

Remark. In 4 Matsumoto and Mitsumatsu assume that p has at least one 
trivial isotropy subgroup, but this assumption is not necessary. 

Proposition 2 ( 4 ). When G = M", the following are equivalent: 

1. p is R-valued cocycle rigid. 

2. p is M."" -valued cocycle rigid. 

3. p is parameter rigid. 

Remark. The equivalence of the first two conditions is obvious. 

In this paper we consider actions of simply connected nilpotent Lie groups. 
In [S], dos Santos proved that for actions of a Heisenberg group M- valued 
cocycle rigidity implies _ff„-valued cocycle rigidity and using this, he constructed 
parameter rigid actions of Heisenberg groups. To the best of my knowledge these 
are the only known nontrivial parameter rigid actions of nonabelian nilpotent 
Lie groups. We prove the following. 

Theorem 1. Let N be a connected and simply connected nilpotent Lie group, 
M a compact manifold and p a locally free G°° -action of N on M. Then, the 
following are equivalent: 

1. p is R-valued cocycle rigid. 

2. p is N -valued cocycle rigid. 

3. p is parameter rigid and every orbitwise constant real valued G°^ -function 
of p on M is constant on M . 

This theorem enables us to construct parameter rigid actions of nilpotent 
Lie groups. The most interesting one is the following. 
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Theorem 2 ([7]). Let N denote the group of all upper triangular real matrices 
with 1 on the diagonal, T a cocompact lattice o/SL(n,IR) and p the action of N 
on r\SL(n,M) by right multiplication. If n > A, p is R-valued cocycle rigid. 

Remark. In [7], Ramirez proved more general theorems. 

Corollary. The above action p is parameter rigid. 

In Section |4] we construct parameter rigid actions of nilpotent groups using 
Theorem[TJ It is a generalization of dos Santos' example. Let be a connected 
and simply connected nilpotent Lie group and F, A be lattices in TV. Consider 
the action of A on r\iV by right multiplication and let p be its suspended action 
of iV. 

Theorem 3. If A is Diophantine with respect to T, then the action p of N is 
parameter rigid. 

For the definition of Diophantine lattices, see Sectional 

2 Preliminaries 

Let G be a contractible Lie group with Lie algebra g, M a compact manifold 
and p a locally free action of G on M with orbit foliation J^. Let H he a, Lie 
group with Lie algebra f). We denote by 17^(7^, f)) the set of all C°°-sections of 
ilom{/\^ TT, !}). The exterior derivative 

d^:npiT,t))^np+\T,i)) 

is defined since TT is integrable. 

By differentiating, i7- valued cocycles over p are in one-to-one correspondence 
with [)-valued leafwise one forms uj G ^^{J-, ()) such that 

djrLU + [OJ, iu] = 0. 

Proposition 3. Let ci,C2 be H -valued cocycles over p and let wi,W2 be cor- 
responding differential forms. For a C°°-map P : M ~> H , the following are 
equivalent: 

1. ci{x,g) = P{x)~^C2{x,g)P{p{x,g)) for all x £ M and g G G. 

2. cji = Ad{p-^)uj2 + P*0 where 9 e ^^iH,l)) is the left Maurer-Cartan 
form on H . 

Corollary ([4J). The following are equivalent: 

1. p is G-valued cocycle rigid. 

2. For each w G ri^(J^, g) such that djruj -\- [uj,uj] = 0, there exist a endo- 
morphism $ : g — >• g o/ Lie algebra and a G°°-map P : M ^ G such 
that 

u = Ad{p-^)^ P*9. 
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Proposition [3] is obtained by examining the proof of Corollary [2] in f?^ . In 
this paper, we will identify a cocycle with its corresponding differential form. 

Let us consider real valued cocycles. A real valued cocycle over p is given 
by w G ri^(7^, R) satisfying djru) = 0. Two real valued cocycles wi,aj2 are 
cohomologous if and only if = W2 + djrP for some C°°-function P : M — ^ R. 
Leafwise cohomology H*{J^) of T is the cohomology of the cochain complex 
M), djp). Thus H^{F) is the set of all equivalence classes of real valued 
cocycles. 

The identification TF ~ Af x g induces a map H*(q) H*[F) where H*[q) 
is the cohomology of the Lie algebra q. By the compactness of M, this map is 
injective on H^{g). Hence we identify H^{g) with its image. Note that H^{q) 
is the set of all equivalence classes of constant real valued cocycles. Thus real 
valued cocycle rigidity is equivalent to H^{J^) — H^{q). 

Notice that H^{T) is the set of leafwise constant real valued C°°-functions 
of J- on M and H^{q) consists of constant functions on M. Therefore the 
equivalence of[T]and|3]in Theorem [T] can be stated as follows: H^{F) — H^{n) 
if and only if p is parameter rigid and H^{T) = iJ"(n). 



Let iV be a simply connected nilpotent Lie group with Lie algebra n, M a 
compact manifold and p a locally free action of on M with orbit foliation 

We first prove that A^-valued cocycle rigidity implies real valued cocycle 
rigidity. There exist closed subgroups N' and A oi N such that N' < N, N = 
N' XI A and A ~ R. Let c be any real valued cocycle over p. We regard c as a 
A^-valued cocycle over p via the inclusion M. ^ A ^ N. By TV-valued cocycle 
rigidity, there exist an endomorphism $ of and a C°°-map P : M ^ N 
such that c{x,g) = P{x)~^^{g)P{p{x, g)) for all x G M and g E N. Applying 
the natural projection tt : A^ ^> A ~ R, we obtain c{x,g) = (tt o P){x)^^{tt o 
^){g){TT o P){p{x, g)). Thus c is cohomologous to a constant cocycle tt o 

Next we assume H^{J-) = H^{n) and prove A^- valued cocycle rigidity. We 
need the following two lemmata. 

Lemma 1. Let V he a finite dimensional real vector space. Assume that 
uj £ Q,^(J-',V) satisfies the equation djruj — ip, where (p S Hom(/\^ n, T^) is 
a constant leafwise two form. Then there exists a constant leafwise one form 
Ip 6 Hom(n, V) with ip — djrip. 

Proof. Since A^ is amenable, there exists a A^-invariant Borel probability mea- 
sure p on M. Define ip 6 Hom(n, V) by 



where X e n. Since (p{X,Y) = Xuj{Y) - Yuj{X) - uj{[X,Y]) for ah X,Y en, 



3 Proof of Theorem [T] 




we obtain 
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Thus 



d^^(X, Y) = -^([X, ¥]) = -( u{[X, Y])dti = ^{X, Y), 

JM 



IM 

hence djrip — ip. □ 

Set = n, = [n, n'^^]. Then ^ 0, n^+^ = for some s. For each 
1 < i < s, choose a subspace Vi with n* = 1^ ® n*+^, so that n = Vi- 

Lemma 2. Let ui € fl^{J-, n) be such that djruj + [oj, oj] = 0. Decompose u as 

UJ =^ + U!k+ UJk+1 

where ^ e {J" , ^i) ^ e ^\:F,Vk) and uu+i G If ^ 

is constant, then there exists uj' G il^{J-,n) with dj^uj' + = which is 

cohomologous to lo and such that 

^' = e' + ^fe+i 

where ^' G ^) *s constant and w^+i G n''+^). 

Proof. By cocycle equatfon, 

= djrS^ + djrujk + djrujk+1 + [C, + an element of J", n''+^). 

Comparing Vk component, we see that djrujk is constant. Hence by Lemma [1] 
djrWfc = djr^lj for some -0 G Hom(n, T4). Since we are assuming that H^{F) = 
iJ^(n), there exists ip' G Hom(n, V^) and C°°-map h : AI ^ Vk such that 

ojfe = + + (ijr/i. 

Put P = e'^ : M N. Let a; G M and X G T,^T. Choose a path xit) such that 
X = ^a;(t)|j^g. Let 6* G 17i(iV,n) be the left Maurer-Cartan form on N. Then 



p*e{x) = lpix)-'p(x{t)) 



dt ' 



— exp{—h(x) + hix{t)) + an element of n'''^"'^) 
dt 

djrh{X) + an element of n 



fc+i 



Thus P*6' = d^/i+an element of rj^-^- •^''^^)- Note that Ad(P"i) = expad(-/i) 
is identity on 0*Li Vi and preserves n^^^ . Hence 

uj-P*e = i + ^ + i}}' + a.TL element of n^+'^) 

= kd{p-^){^ + V + V'' + an element of ^^^(J', n'^+i)). 

□ 



5 



Let w be any A'^- valued cocycle. Using Lemma [U we can exchange lo for 
a cohomologous cocycle whose 14 -component is constant. Applying Lemma [2] 
repeatedly, we eventually get a constant cocycle cohomologous to w. This proves 
A^-valued cocycle rigidity. 

Next we assume that p is parameter rigid and H°{J^) = H^{n). Let and 
Vi be as above. Note that n'* is central in n. Fix a nonzero Z £ n'' . 

Let [w] G H^{iF). Let wq be the A^- valued cocycle over p corresponding to 
the constant cocycle id ; TV A'^. We call the canonical l-form of p. Fix a 
e > and put rj := loq + euj Z . 77 is an iV- valued cocycle over p since 

dj'V + [Vi v] = djrojQ + e{djruj)Z + [ujq, ujq] ^ 0. 

Since M is compact, we can assume r\x ■ T^J- — )■ n is bijective for all a; G M by 
choosing e > small. There exists a unique action p' of iV on M whose orbit 
foliation is J- and canonical l-form is i]. See [I]. By parameter rigidity p' is 
conjugate to p. Thus there exist a C°°-map P : M ^ N and an automorphism 
<^ oi N satisfying 

UJn + eujZ^kd{p-^)^^LOo + P*0. (1) 

Note that log : ^> n is defined since A^ is simply connected and nilpotent. Let 
us decompose = Ylil=i "^oi, <&*'^o = Hl=i ^Qi and logP = 111=1 Pi according 
to the decomposition n ~ ®l=i Vi- 

Lemma 3. Assume that Pi = ■ ■ ■ = Pk-i = i.e. \ogP G n'"'. 

1. If k < s, then there exist a -map Q : M ^ N and an automorphism 
^ of N .such that 

ujo + ewZ = Ad(g"^)*,wo + Q*d 
and Qi = ■ ■ ■ = Qi, = where \ogQ = Qi- 

2. If k ^ s, then uj is cohomologous to a constant cocycle. 
Proof For all X = ix{t)l^^ G T^F, 



P*e{X) = |p(x)-ip(xW)[^^ = |exp [-Y.P^{x)^ exp {^P^t)) 



= exp \ ^ {Pi{x{t)) - Pi{x)) + an element of n''+^ 



dt 

exp lPk(x(t)) — Pk(x) + an element of n 
dt 



k 

k+l\ 



t=0 



— djrPk{X) + an element of n ' 



k+l 
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Wc have 



Ad(p-i)$,L^o - exp j^ad j^- ^ -P^ j j ^ ^o, 

s 

= ^Wgj + an element of n'''^"^. 
1=1 

Comparing the Vfc-component of H]) we get 

When k = s the equation 

uZ = e^^iuj'as - ujQs) + djr{e~^Ps) 

shows that uj is cohomologous to a constant cocycle. 

If A; < s, then djrP^ = (j) o ojq for some hnear map (f) : n — ?• Vfe. For 
any X G n, let X denote the vector field on M determined by X via p. We 
have XPk = fpi^) ^J^d by integrating over an integral curve 7 of X we get 
Pk{l[T)) - PkiliO)) = cj){X)T for all T > 0. Since M is compact, = 
0. Therefore dj^Pf. = 0, so that Pk is constant on each leaf of T. Thus Pk 
is constant on M by our assumption. Put g := exp(— P^) and Q := gP = 
exp {J2i=k+i + element of n'^+^). Then 

Wo + = Ad{Q~^g)<P^ujo + {Lg-i o Q)*e 
= Ad(Q-i)1'*a;o + Q*6i 

where := M{g)^^. □ 

Applying Lemma [3] repeatedly, we see that lo is cohomologous to a constant 
cocycle. 

Finally we assume H^{T) = H^{n) and prove that p is parameter rigid 
and H^{F) = H'^{n). Parameter rigidity of p follows from Proposition [T] Let 
/ G H^{F). Fix a nonzero G ^^(fi) and denote the corresponding leafwise 
1-form on M by 0. Then G = i?^(n). Thus there exist V £ H^{n) 

and a C°°-function 5 : M — ;> R such that f(f)~%lj = djrg where i/j is the leafwise 
1-form corresponding to ip. Choose X G n satisfying (f>{X) ^ 0. Let x{t) be an 
integral curve of X where X is the vector field corresponding to X. We have 
fixit))(l)iX) - ,P{X) = X,^t)9 = ft9{x{t))- By integrating over [0,T], we get 
T{f{xmct^{X)-^{X))^g{x{T))-g{xm. Since g is bounded, /(x(O))0(X) - 
i){X) must be zero. Then /(a;(0)) = and / is constant on M. 

This completes the proof of Theorem [T] 



4 A construction of parameter rigid actions 

Let us now construct real valued cocycle rigid actions of nilpotent groups. For 
the structure theory of nilpotent Lie groups, see [2]. A basis Xi, . . . , Xn of n is 
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called a strong Malcev basis if spanjjjXi, . . . , Xi} is an ideal of n for each i. If 
r is a lattice in N, there exists a strong Malcev basis Xi, . . . , X„ of n such that 
r = e^-^^ ■ ■ ■ e^^" . Such a basis is called a strong Malcev basis strongly based on 
r. Let r and A be lattices in N. 

Definition 1. A is Diophantine with respect to F if there exists a strong Malcev 
basis Xi,. . . , Xn of n strongly based on F and a strong Malcev basis Yi,...,Yn 
of n strongly based on A such that Yi = Yl^j^i '^ij^j for every 1 <i<n, where 
an is Diophantine. 

Let p be the action of A on r\A'^ by right multiplication. First we will prove 
the following. 

Theorem 4. If K is Diophantine with respect to F, then every real valued C°° 
cocycle c : T\N x A — K. over p is cohorn,ologous to a constant cocycle. 

Note that Xi is in the center of n. Let tt : iV := e^^^\N be the 

projection. Since F n e^^^ = e^^^ is a cocompact lattice in e*^^ f := 7r_(F) = 
gRXiypgKXi ,^ cocompact lattice in TV. Let n = ]RXi\n, then X2, . . . ,X„ is a 
strong Malcev basis of n strongly based on f . 

We will see that the naturally induced map n : r\N — > T\N is a principal 
5^-bundle. Indeed, 

F\Fe"^^i ^ T\N Te^^'\N 
is a principal FyFe^^^^ -bundle and we have 

F\Fe«^^ ~ F n e«^i\e«^i = e^^^\e«^i ~ Z\R 

and 



T\N 

Since A n e^^^ = An e^'^[_ = e^^^ is a cocompact lattice in e'''^^ A := 7r(A) 
is a cocompact lattice in Y2, ... ,Yn is a. strong Malcev basis of fl strongly 
based on A and Yi = Yl^j=2 '^ij-^j where an is Diophantine. Therefore A is 
Diophantine with respect to F. 

Since 7f is A-equivariant, the action p of A when restricted to e^^^, preserves 
fibers of 7f. 

Let z G T\N. Choose a point Fx in Tt~^{z). Then we have a trivialization 

of Tr^^{z) given by trx{s) — Te^^^x. Note that if we take another point Vy e 
n~-^{z), i^y ° i-Tx '■ — > Z\R is a rotation. 

Let Yi ~ aXi where a is Diophantine. If we identify Tt~^{z) with Z\R by 
ltx, then the action of e^^ on Z\R is s s + a. 
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I- -I 


Jr\N 


Jr\N Jtt 



Let Hz be the normalized Haar measure naturally defined on tt ^(z), the 
A''-invariant probability measure on r\A'^ and v the iV-invariant probability 
measure on f\N. For any / e C{T\N), 

fdtizdv. (2) 

i(^) 

Lemma 4. p is ergodic with respect to fi. 

Proof. We use induction on n. If n = 1, p is an irrational rotation on Z\]R, 
hence the result is well known. In general, Let / : r\A^ — > C be a A-invariant 
L^-function with J^^^^ fdfj, = 0. Since the action of e^^^ on 7f^^(z) is ergodic, 
fln-^iz) is constant /Xz-almost everywhere. We denote this constant by g{z). 
Then g : f \iV — > C is A-invariant measurable function. By induction, g is 
constant ;y-almost everywhere. By this constant must be zero. Therefore / 
is zero /i- almost everywhere. □ 

Let c : r\A^ x A — M be a C°°-cocycle over p. We must show that c is co- 
homologous to a constant cocycle cq : A K where co(A) := Jp\]^ c{x, X)dp.{x). 
Therefore we may assume that /p^^ c{x, X)dp.{x) = for all A G A, and we will 
show that c is a coboundary. We prove this by induction on n. When n — 1, p 
is a Diophantine rotation on Z\R, hence the result is well known. 

Lemma 5. For all rn G Z, 

Proof. Fix m and put g{z) = Jt^-i(^z) c{s,e"^'^^)dpz{s). For any A G A, cocycle 
equation gives c{x, A) + c{xX, e"'^i) = c{x, e™^i) -I- c(a;e™^i. A). By integrating 
this equation on tt^^{z), we get g{zTT{X)) ~ g{z). Since the action of A on T\N 
is ergodic, g is constant. By g must be zero. □ 

Let / : Z\M ^ tt'^z) "'''""^'^ »• We define 

fcez\{o} 

Then hz : tt~^{z) — ;> R is C°°, since / is C°° and a is Diophantine. By Lemma 
m we have 

c(trx(s),e^i) = -hz{i.rx{s)) + hz{iTxe^^)- 
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If we choose another point Te^°-^^x G tt ^(^) to define hz 
hz{i-rx{s)) = hz{Te^^^x) = /i^(tre'^o^ix(s - ^o)) 

= E 

feez\{0} 
^ -1 + e2'^*'=" 7n 



feez\{0} 



feez\{o} 



1 


-1 






1 


-1 






/>) 


-1 





SO that hz is determined only by z. Define h : T\N ^ R by h\fj.-i(^z) = hz- Then 
for all X G r\iV and m G Z, c(a;, e^^i) = -h{x) + hixe""^^). 

Let ?7 C r\A'' be open and tr : f/ — > Tt~^{U) a section of tt. Then we have 
a trivialization Z\M x ~ 7f~^(f/) which sends (s, -z) to = Te^-^^a{z). 

Hence 



1 /"^ 

fcez\{o} ^ 

on 7f~"'^(C/). The following lemma shows h is C°° on r\A^. 

Lemma 6. Let U be open and let f : Z\R xU be a C°° -function. 

Define 



,27rifcs 



feez\{o} ^ 
w/iere fz{u) = f{u, z). Then h : Z\M x ?7 ^- M is 

Proof. Let F be open such that V C U and F is compact. Wc will show that h 
is C°° on Z\R X V. Choose constants C, a > such that | - 1 + e^'^*'^" | > C|fc|-" 
for all A; G Z \ {0}. 

We will first prove that h is continuous. Since for any m G Z>o, 



d^fz 



(s) = J2{2mkrfz{k)e 



2'Kiks 



kei. 



in L' 



d^fz 



^|(27rzfc)-£(fc)|= 



feGZ 



> (27r)2-|/c|2-|/,(A;)|2 > |A;|2-|/,(/e)|2. 



Since 



such that 



2 

as"* 



= (/o 



2 \ 2 



is continuous in z, there exists M > 



< M for every z & V. Hence for all k G Z and z G V, 
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|fcr|/^(fc)| < M. Therefore, for any z&V, 



feez\{0} 



feez\{0} ' ' 

^^"'^ E m<^- 



fcez\{o} 



X V. 



This imphes continuity of h on 
We have 

:('S)^)= E _1 + e27rifca 

feez\{o} 



27r/A- 



ds 



h{k)e 



27Tiks 



Thus a similar argument shows that || is continuous. 
Let z = {zi, . . . , Zn)- For any z gV, 



_d_ 
dzi 



-1 + e 



2-nika 



Mk)e 



2'Kiks 



df 



-1 + e2'r''=° dz. 



{■,z){k)e 



2'Kiks 



-1 1 



<C-'M'^ Gii(Z\{0}). 



Thus 



dh 
dzj 



df 



feez\{o} 



-1 + e^'^i'^" dzj 



i;z)ik)e 



2'Kiks 



Hence ^ is continuous by an argument similar to those above. For higher 
derivatives of h, continue this procedure. □ 

Set ci(.T, A) = c(x, A) + h{x) - h{xX). a : T\N x A ^ M is a C°°-cocycle 
and Ci(a;, e™^^) = 0. Thus for any A G A, cocycle equation implies ci(x, A) = 
ci {xe^^ , A) . Since the action of e^^^ on tt ~ (2;) is ergodic, ci {x, A) is constant on 
n~^{z). Therefore wc can define a cocycle c : T\N x A — > R by c{tt{x), 7r(A)) = 
Ci(a;, A). Indeed, if 7f(x) = Tt{y) and 7r(A) = 7r(A'), then there exists a m G Z 
with A = e'"^U', so that 



Cl 



{x, A) = Cl (x, e"^^ A') = Cl (xe"^i , A') = ci (y, A'). 



Furthermore, 



/ c{x,'K{X))dv'{z) = / ci(s, A)rf/U2(s)dz/(2;) 

Jf\]v Jr\N JTt-^iz) 



-I ' 

Jr\N 



ci{x, X)diJ,{x) = 0. 
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By induction, there exists a C°°-function P : T\N R such that c(z,7r(A)) = 
-P{z) + P(z7r(A)). Put Q = P o 7f. Then ci{x, A) = c{Tr{x), 7r(A)) = -Q{x) + 
Q{x\). This proves Theorem S) 

Let p : M y. N ^ M he the suspension of p : T\N x A — r\iV where 
M = T\N X A TV is a compact manifold. Then p is locahy free and let F be its 
orbit foliation. We have 

H\T)c^H\K,C°°{V\N)) 

by [5] where the right hand side is the first cohomology of A- module C°° (r\iV) 
obtained by p. It is easy to prove that Hom(A,M) H^{K,C°"{T\N)) is 
injective. By Theorem 21 

H^{K,C°°{V\N)) =Hom(A,M). 

Lemma 7. dimHom(A,M) = dim i?^(n). 

Proof. Recall that [N, A^]\A[A^, N] is a cocompact lattice in [N, N]\N and that 
[A, A]\ (A n [N, N]) is finite. Since 

0-J> [A,A]\(An [A^, A^]) ^ [A,A]\A-^ [A^, A^]\A[Ar, A^] -j. 

is exact, we have 

rank[A, A]\A = rank[A^, A^]\A[A^, A^] = dim[A^, N]\N. 

Thus 

dimHom(A,M) = dimHom([A, A]\A, M) 
= rank [A, A] \ A 
= dim[A^, N]\N 
= dimHoniK([n, n]\n, M) 
= dimi7i(n). 

□ 

Therefore we obtain 
This proves Theorem |3l 

5 Existence of Diophantine lattices 

Let riQ be a rational structure of n. We construct Diophantine lattices when 
riQ admits a graduation. Namely, we assume that ixq has a sequence Vi of 
Q-subspaces such that uq = 0,f^i and [^^,1/,] C Vi+j- Let Xi,...,A'„ 
be a Q-basis of riQ such that Xi, . . . , e Vfc, ATi^+i, . .. ,Xi.^ G Vk-i, ... , 
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^ik-i+ii • • ■ I G Vi. Then Xi, . . . , Xn is a strong Malcev basis of n with 
rational structure constants. Multiplying Xi,. . . , Xn by a integer if necessary, 
we may assume that F := e^^^^ • ■ • e^'^" is a cocompact lattice in TV. Let a be a 
root of a irreducible polynomial of degree fc + 1 over Q. Since a,a^ , . . . ,a'' are 
irrational algebraic numbers, they are Diophantine. If we define a linear map 
(f : n nhy (p{X) = a^X for X G 1^ €5 R, then ip is an automorphism of Lie 
algebra n. Put Yi = (p{Xi). Fi, . . . , F„ is a strong Malcev basis of n strongly 
based on A := e^^^ • • • e^^". Thus A is Diophantine with respect to F. 
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